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UNIQUENESS OF POSITIVE SOLUTION FOR A QUASILINEAR
ELLIPTIC EQUATION IN HEISENBERG GROUP
KAUSHIK BAL
Abstract. In this article we are interested in addressing the question of ex-
istence and uniqueness of positive solution to a quasilinear elliptic equation
involving p-laplacian in Heisenberg Group. The idea is to prove the unique-
ness by using Diaz-Saa´ Inequality in Heisenberg Group which we obtain via a
generalized version of Picone’s Identity.
1. Introduction
In this article we will be dealing with the problem of existence and uniqueness
of the p-sub-laplacian operator in Heisenberg Group. We begin by recalling the
well-known paper of H.Bre´zis and L.Oswald [2], where the necessary and sufficient
condition for the existence and uniqueness of positive solutions were obtained for
the equation:
−∆u = f(x, u) in Ω, u = 0 on ∂Ω
when Ω is a bounded open domain in Rn.
Almost immediately the result was extended in J.Dia´z and J.Saa´ [3] to the p-
laplacian case by introducing a new inequality which came to be later known as the
Dı´az-Saa´ Inequality.
The purpose of this paper is to extend the result of [3] in the context of Heisenberg
Group, which we will denote by Hn.
Consider the problem:
−∆pu = f(x, u) in Ω
u ≥ 0 and u 6≡ 0 in Ω (1.1)
u = 0 on ∂Ω
where Ω is an open bounded domain of Hn and 1 < p <∞.
We consider f : Ω× [0,∞)→ (0,∞) satisfying the following hypothesis:
I The function r → f(x, r) is continuous on [0,∞) for a.e x ∈ Ω and for every
r ≥ 0, the function x→ f(x, r) is in L∞(Ω).
II The function r → f(x,r)
rp−1
is strictly decreasing on (0,∞) for a.e x ∈ Ω.
III ∃ C > 0 s.t f(x, r) ≤ C(rp−1 + 1) for a.e x ∈ Ω and for all r.
We aim to establish the existence and uniqueness of the weak solution to (1.1).
Before we start with our results let us briefly recall some basic notions regarding
the Heisenberg GroupHn along with some literature which is available on the study
of Elliptic Equation on Heisenberg Group.
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The Heisenberg Group Hn = (R2n+1, ·) is Nilpotent Lie Group endowed with
the group structure:
(x, y, t) · (x′, y′, t′) = (x+ x′, y + y′, t+ t′ + 2(〈y, x′〉 − 〈x, y′〉))
where x, y, x′, y′ ∈ Rn, t, t′ ∈ R and 〈, 〉 denotes the standard inner product in Rn.
The left invariant vector field generating the Lie algebra is given by
T =
∂
∂t
, Xi =
∂
∂xi
+ 2yi
∂
∂t
, Yi =
∂
∂yi
− 2xi
∂
∂t
, i = 1, 2, ·, ·, n.
and satisfy the following relationship:
[Xi,Yi] = −4δijT, [Xi,Xj ] = [Yi,Yj ] = [Xi, T ] = [Yi, T ] = 0.
The generalized gradient is given by ∇H = (X1,X2, ·, ·,Xn,Y1,Y2, ·, ·,Yn).
Hence the sub-laplacian ∆H and the p-sub-Laplacian ∆H,p are denoted by
∆H =
n∑
i=1
X 2i + Y
2
i = ∇H · ∇H , and
∆H,p = ∇H(|∇H |
p−2∇H), p > 1
We also denote the space D1,p(Ω) and D1,p0 (Ω) as {u : Ω → R;u, |∇Hu| ∈ L
p(Ω)}
and the closure ofC∞0 (Ω) with respect to the norm ||u||D1,p
0
(Ω) = (
∫
Ω
|∇Hu|
pdxdydt)
1
p
respectively.
For more details about Heisenberg Group the reader may consult [4].
Some results on the Laplacian and the p-Laplacian has been generalized to the
Heisenberg Group with various degree of success. Consider the following problem:
−∆H,pu = f(u) in Ω
u = 0 on ∂Ω
(1.2)
Some of the very first results obtained regarding the above problem for p = 2 is
by Garofalo-Lanconelli [9], where existence and nonexistence results were derived
using integral identities of Rellich-Pohozaev type. In Birindelli et al [10], Liouville
theorems for semilinear equations are proved. One can also find monotonicity and
symmetry results in Birindelli and Prajapat [8]. As for the p-sub-Laplacian case,
Niu et al [7] considered the question of non-uniqueness of the (1.2) using the Picone
Identity and the Pohozaev Identities for the p-sub-Laplacian on Heisenberg Group.
Results on p-sub-Laplacian involving singular indefinite weight can be found in
J.Dou [11] and J.Tyagi [1] and the reference therein.
One of the biggest problem when dealing with p-sub-Laplacian is the non-
availability of the C1,α regularity, although it has been proved in Marchi [12] to
exist for p near 2. It is worth mentioning that the methods of Dı´az-Sa´a [3] can’t be
directly applied here due to the non-availability of C1,α regularity in the Heisen-
berg Group. In this work we bypass that problem by using a generalized version of
Dı´az-Sa´a Inequality in Heisenberg Group.
2. Preliminary Results
We start this section with the generalized Picone’s Identity for p-sub-Laplacian
in Heisenberg Group, which is extension of the main result in Euclidean space
obtained in [14].
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In what follows we will assume g : (0,∞) → (0,∞) is a locally Lipchitz function
that satisfies the differential inequality:
g′(x) ≥ (p− 1)[g(x)]
p−2
p−1 a.e in (0,∞) (2.1)
Remark 2.1. Example of functions satisfying (2.1) is g(x) = xp−1 (where the
equality holds) and e(p−1)x.
In what follows we will use ∇ to denote ∇H and ∆p to denote ∆H,p.
Theorem 2.2. (Generalized Picone Identity) Let 1 < p < ∞ and Ω be any
domain in Hn. Let u and v be differentiable functions on Ω with v > 0 a.e in Ω.
Also assume g satisfies (2.1). Define
L(u, v) = |∇u|p − p
|u|p−2u
g(v)
∇u · ∇v|∇v|p−2 +
g′(v)|u|p
[g(v)]2
|∇v|p a.e in Ω.
R(u, v) = |∇u|p −∇(
|u|p
g(v)
)|∇v|p−2∇v a.e in Ω.
Then L(u, v) = R(u, v) ≥ 0. Moreover L(u, v) = 0 a.e. in Ω if and only if ∇(u
v
) = 0
a.e. in Ω.
Remark 2.3. Note that there is no restriction on the sign of u, as one can find in
Proposition 3 of [13]. When g(x) = xp−1 and u ≥ 0, we get back Lemma 2.1 (i.e,
Picone Identity) of [11].
Proof of Theorem 2.2. Expanding ∇( |u|
p
g(v) ) we have,
∇(
|u|p
g(v)
) =
pg(v)|u|p−2u∇u− g′(v)|u|p∇v
[g(v)]2
= p
|u|p−2u∇u
g(v)
−
g′(v)|u|p∇v
[g(v)]2
.
Plugging it in R(u, v) we have R(u, v) = L(u, v).
To show positivity of L(u, v) we proceed as follows,
|u|p−2u
g(v)
∇u.∇v|∇v|p−2 ≤
|u|p−1
g(v)
|∇v|p−1|∇u| (2.2)
and by Young’s Inequality we have,
p
|u|p−1
g(v)
|∇v|p−1|∇u| ≤ |∇u|p + (p− 1)
|u|p|∇v|p
[g(v)]
p
p−1
(2.3)
Using (2.2) and (2.3) we have,
L(u, v) ≥ −(p− 1)
|u|p|∇v|p
[g(v)]
p
p−1
+
g′(v)|u|p
[g(v)]2
|∇v|p
Now since g satisfies (2.1) i.e, g′(x) ≥ (p− 1)[g(x)]
p−2
p−1 we have, L(u, v) ≥ 0.
Equality holds when the following occurs simultaneously:
g′(x) = (p− 1)[g(x)]
p−2
p−1 (2.4)
|u|p−2u
g(v)
∇u.∇v|∇v|p−2 =
|u|p−1
g(v)
|∇v|p−1|∇u|. (2.5)
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and,
|∇u| =
|u∇v|
g(v)
1
p−1
(2.6)
Set,
X = {x ∈ Ω :
|u∇v|
g(v)
1
p−1
= 0}
By equation (2.6) we have,
|u∇v|
g(v)
1
p−1
= |∇u| = 0 a.e on X . (2.7)
from (2.7) and (2.4) we have for g(x) = xp−1,
u
v
∇v = ∇u = 0 a.e on X . (2.8)
On X c, let
w =
|∇u|[g(v)]
1
p−1
|u∇v|
Hence from the fact that L(u, v) = 0 a.e in Ω we have,
wp − pw + p− 1 = 0
which holds iff w = 1.
Again taking into account (2.4) is true for g(x) = xp−1 we have,
∇u ·
(
∇u−∇v
u
v
) = 0 a.e in X c (2.9)
Combining (2.8) and (2.9) we can easily conclude that L(u, v) = 0 iff ∇
(
u
v
) = 0 a.e
in Ω. 
With the generalized Picone’s Identity in our hands we can now proceed to
prove the Picone’s Inequality which is the vital ingredient for the proof of Dı´az-Saa´
Inequality. We will present a non-linear version of the Inequality and will closely
follow the proof of Abdellaoui-Peral [15].
Theorem 2.4. (Generalized Picone Inequality) Let p > 1 and Ω be a bounded
domain in Hn. If u, v ∈ D1,p0 (Ω) s.t −∆pv = µ where µ is a positive bounded Radon
measure with v|∂Ω = 0, v(6≡ 0) ≥ 0 and g satisfies (2.1). Then we have,∫
Ω
|∇u|p ≥
∫
Ω
( |u|p
g(v)
)
(−∆pv).
Remark 2.5. When g(u) = up−1, we get Picone’s Inequality in Heisenberg Group
in Dou [11].
Before we proceed with the proof of our theorem we need the following lemma:
Lemma 2.6. Let p > 1 and Ω be any domain in Hn and let v ∈ D1,p(Ω) be such
that v ≥ δ > 0. Then for all u ∈ C∞c (Ω) we have,∫
Ω
|∇u|p ≥
∫
Ω
( |u|p
g(v)
)
(−∆pv).
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Proof. Since v ∈ D1,p(Ω), we can by Meyers-Serrin Theorem, choose vn ∈ C
1(Ω)
such that the following holds:
vn >
δ
2
in Ω, vn → v in Ω and vn → v a.e in Ω.
Employing Theorem 2.2 with vn and u we have,∫
Ω
R(u, vn) = 0 since R(u, vn) = 0 a.e in Ω and ∀ n ∈ N.
i.e, ∫
Ω
|∇u|p ≥
∫
Ω
∇
( |u|p
g(vn)
)
|∇vn|
p−2∇vn =
∫
Ω
|u|p
g(vn)
(−∆pvn).
Note that since −∆p is a continuous function from D
1,p(Ω) to D−1,p
′
(Ω) for
p′ = p
p−1 , we have −∆pvn → −∆pv in D
1,p(Ω) and for g locally lipchitz continuous
in (0,∞) we have g(vn)→ g(v) pointwise.
Hence using Lebesgue Dominated Convergence Theorem and the fact that g is
increasing on (0,∞), we have,∫
Ω
|∇u|p ≥
∫
Ω
|u|p
g(v)
(−∆pv)
for any u ∈ C∞c (Ω). 
Before we proceed with the proof of Theorem 2.4, we will state the Strong
Maximum Principle from [11] which was proved using the Harnack Inequality of
[16].
Lemma 2.7. (Strong Maximum Principle) Let p > 1 and Ω ⊂ Hn be a bounded
domain and u ∈ D1,p0 (Ω) be nonnegative solution of the following equation
−∆pu = h(x, u) in Ω; u|∂Ω = 0
where h : Ω × R → R is a measurable function such that |h(x, u)| ≤ C(up−1 + 1).
Then u ≡ 0 or u > 0 in Ω.
With Lemma 2.6 and Lemma 2.7 in hand we now proceed with the proof of the
Theorem 2.4.
Proof. Using the Strong Maximum Principle we have v > 0 in Ω. Denote, vn(x) =
v(x) + 1
n
, n ∈ N. Thus we have the following:
• ∆pvm = ∆pv.
• vn → v a.e in Ω and in D
1,p(Ω).
• g(vn)→ g(v) a.e in Ω.
Hence using Lemma 2.6 we have for u ∈ C∞c (Ω),∫
Ω
|∇u|p ≥
∫
Ω
|u|p
g(v)
(−∆pv)
Now to conclude our theorem for u ∈ D1,p0 (Ω), we use un ∈ C
∞
0 (Ω) such that
un → u in D
1,p
0 (Ω). Choosing un and vn in Lemma 2.6, we have∫
Ω
|∇un|
p ≥
∫
Ω
( |un|p
g(vn)
)
(−∆pvn)
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Now using the fact that g satisfies (2.1) we have by Fatou Lemma,∫
Ω
|∇u|p ≥
∫
Ω
( |u|p
g(v)
)
(−∆pv)
which concludes our proof. 
We will conclude this section with the Dı´az-Saa´ Inequality in Heisenberg Group.
For this part we will be using g(u) = up−1.
Theorem 2.8. (Dı´az-Saa´ Inequality) Let p > 1 and Ω be a bounded domain in
Hn. If ui ∈ D
1,p
0 (Ω) s.t −∆pui = µi, where µi > 0 is a bounded Radon measure
with ui|∂Ω = 0 and ui(6≡ 0) ≥ 0 a.e in Ω for i = 1, 2. Then we have,∫
Ω
(
−
∆pu1
u
p−1
1
+
∆pu2
u
p−1
2
)
(up1 − u
p
2) ≥ 0.
Remark 2.9. Note that above theorem is not true for a general g satisfying (2.1).
Proof. Choosing ui for i = 1, 2 satisfying the hypothesis of Theorem 2.8 and then
plugging the tuple (u1, u2) into Theorem 2.4 we get∫
Ω
|∇u1|
p ≥
∫
Ω
(
−
∆pu2
u
p−1
2
)
u
p
1
Using Integration by Parts on right part, we have∫
Ω
(
−
∆pu1
u
p−1
1
+
∆pu2
u
p−1
2
)
u
p
1 ≥ 0. (2.10)
Now interchanging the tuple (u1, u2) into (u2, u1) in Theorem 2.4 we get,∫
Ω
|∇u2|
p ≥
∫
Ω
(
−
∆pu1
u
p−1
1
)
u
p
2
Again using Integration by Parts on the right part we have,∫
Ω
(
−
∆pu2
u
p−1
2
+
∆pu1
u
p−1
1
)
u
p
2 ≥ 0. (2.11)
Adding (2.10) and (2.11) we have,∫
Ω
(
−
∆pu1
u
p−1
1
+
∆pu2
u
p−1
2
)
(up1 − u
p
2) ≥ 0.
Hence proved. 
3. Main Results
In this section of the paper we will state and proof our main result.
Theorem 3.1. (Uniqueness of Solution) There exists at most one positive weak
solution to equation (2.1) in D1,p0 (Ω).
Proof. Let u and v be two non-positive solutions of equation (1.1). Then using
Lemma 2.7 we have, u, v > 0 in Ω. Moreover since f(x, u) is positive and satisfy
hypothesis (I), we have for u 6= v,
0 ≥
∫
Ω
(
−
∆pu
up−1
+
∆pv
vp−1
)
(up − vp) =
∫
Ω
(f(x, u)
up−1
−
f(x, v)
vp−1
)
(up − vp) < 0.
Hence we arrive at a contradiction. 
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We now proceed to the proof of existence of solution in D1,p0 (Ω). The energy
functional corresponding to equation (1.1) as
E(u) =
1
p
∫
Ω
|∇u|p −
∫
Ω
F (x, u) with u ∈ D1,p0 (Ω)
where F (x, u) =
∫ u
0
f(x, t)dt.
Theorem 3.2. (Existence of Solution) The equation (2.1) admits a solution if
the following two conditions hold simultaneously:
λ1(−∆pv − ao|v|
p−2v) < 0 with ao(x) = lim
rց0
f(x, r)
rp−1
(3.1)
λ1(−∆pv − a∞|v|
p−2v) > 0 with a∞(x) = lim
rր∞
f(x, r)
rp−1
. (3.2)
Using the exact same proof of [3] (The´ore´me 2), one can show the existence of
the minimizer to E(u) in D1,p0 (Ω) and hence Theorem 3.2.
Comments
We conclude this article with a few comments:
• It is worth mentioning again that the methods used in Dia´z-Saa´ [3] for
proving the existence and uniqueness of equation (1.1) can’t be used here
due to non-availability of the C1,α regularity of the p-sub-Laplacian in
Heisenberg Group for all p > 1, so we have used the Picone Inequality
to bypass the problem but in doing so we are forced to put the positivity
condition on f , which was not present in the assumptions of [3].
It will be interesting to know if one can conclude the same results for
uniqueness without the positivity condition on f .
• The statements proved in Theorem 2.2 and Theorem 2.4 were valid for a
wide range of functions satisfies (2.1). This results are new in the contexts
of Heisenberg group and one can actually obtain Nonexistence results and
Comparison Principles for p-sub-Laplacian similar to those in [14] and the
reference therein.
Acknowledgements. The work has been carried under the project INSPIRE Fac-
ulty Award [IFA-13 MA-29].
References
[1] J.Tyagi; Nontrivial Solutions for singular semilinear elliptic equations on Heisenberg Group.
Adv Nonlinear Anal,3(2),87-94, 2014.
[2] H Brezis and L.Oswald; Remarks on sublinear elliptic equations. Nonlinear Equation, 10(1):55-
64, 1986.
[3] J Dı´az and Saa´; Existence et unicite´ de solutions positives pour certaines e´quations elliptiques
quasiline´aires. C.R. Acad Sci Sec I Math, 305(12):521-524, 1987.
[4] L.Capogna,D.Danielli,S.Pauls and J.Tyson; Introduction to the Heisenberg Group and to the
Sub-Riemannian Isoperimetric Problems. Birkhauser, 2006.
[5] S.Biagini; Positive solution of the semilinear equation on Heisenberg Group. Boll Un Math
Ital, 9(4):883-900, 1995.
[6] F.Uguzzoni and E.Lanconelli; Non-existence result for the Kohn-Laplace equation in un-
bounded domain. Comm Part Diff Eqn, 25(9-10):1703-1739, 2000.
[7] P.Niu, H.Zhang ang Y.Wang; Hardy type and Rellich type inequalities on Heisenberg Group.
Proc Amer Math Soc, 129(12):3623-3630, 2001.
8 K. BAL
[8] I.Birindelli and J.Prajapat; Monotonicity and symmetry results for degenerate elliptic equa-
tions on nilpotent Lie groups. Pacific Journal of Math, 204(1):1-17, 2002.
[9] N.Garofalo and E.Lanconelli; Existence and nonexistence results for semilinear equations on
the Heisenberg group. Indiana Univ Math,41(1): 71-98,1992.
[10] I.Birindelli, D. Capuzzo and A.Cutri; Liouville theorems for semilinear equations on the
Heisenberg group. Ann. Inst. H. Poincar Anal. Non Linaire 14 (1997), no. 3, 295308.
[11] J.Dou; Picone Inequlities for p-sub-Laplacian on Heisenberg Group and its applications.
Comm Contem Math, 12(2), 295-307,2010.
[12] S.Marchi; C1,α local regularity for the solutions of the p-Laplacian on the Heisenberg group
for 2 < p < 1 +
√
5 Z.Anal.Anw 20 (2001), no. 3, 617636.
[13] K.Chaib; Extension of Dı´az-Saa´ Inequality in Rn and application to the system of p-laplacian.
Publ Math 46(2002), 473-488.
[14] K.Bal; Generalized Picone’s Identity and its Applications. Electron. J. Differential Equations
243 (2013), 6 pp.
[15] B.Abdellaoui and I.Peral Existence and Nonexistence results for the quasilinear elliptic equa-
tioninvolving the p-laplacian with critical potential. Ann Mat Pura Appl 182(2003), 247-270.
[16] L.Capogna, D.Danielli and N.Garofalo; An imbedding theorem and the Harnack inequality
for Nonlinear elliptic equation. Comm Partial Diff Eqn 18 (1993) 1765-1794.
Kaushik Bal
Department of Mathematics and Statistics, Indian Institute of Technology, Kanpur,
Uttar Pradesh-280016 India
E-mail address: kaushik@iitk.ac.in
